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ABSTRACT
In this paper, we study the 3-body products (two single stars and a binary) of binary-
binary (2+2) scattering interactions. This is done using a combination of analytic
methods and numerical simulations of 2+2 scattering interactions, both in isolation
and in a homogeneous background potential. We derive analytically a simple formula
relating the angle between the velocity vectors of the two ejected single stars and the
orbital separation of the remaining binary. We compare our analytic formulation to
numerical scattering simulations, and illustrate that the agreement is excellent, both
in isolation and in a homogeneous background potential. Our results are ideally suited
for application to the GAIA database, which is expected to identify many hundred
runaway stars. The analytic relation presented here has the potential to identify run-
away stars formed dynamically with high confidence. Finally, by applying our method
to the runaways AE Aur and µ Col, we illustrate that it can be used to constrain the
history of the background potential, which was denser than the presently observed
density in the case of the Trapezium cluster.
Key words: galaxies: star clusters: general − gravitation − chaos − stars: kinematics
and dynamics − scatterings − binaries: general.
1 INTRODUCTION
In the general gravitational N-body problem, all masses are
non-zero and their initial positions and velocities are not
arranged in any specific way. The simplest subset of this
more general problem, called the three-body problem, in-
volves only three particles. And yet, the problem is analyt-
ically intractable without simplifying assumptions. This is
in contrast to the two-body problem, in which the positions
and velocities of both particles are known exactly at any
time given any initial configuration. This complication stems
from the fact that, for N > 2, there are no coordinate trans-
formations that simplify the problem sufficiently (e.g., the
centre of mass coordinate system). Consequently, it is not
possible to express the positions and velocities of all parti-
cles at any future time given a set of initial conditions using
analytic theory alone. What’s more, the long-term evolution
of these systems are very sensitive to the initial conditions.
If one waits long enough, however, a final stable state will
always emerge. This usually occurs after the system has dis-
rupted and all particles can be regarded as having escaped
to spatial infinity. But the final state cannot be calculated
? email: taeho.ryu@stonybrook.edu
directly from the initial conditions without the need for com-
puter simulations. The problem is inherently chaotic.
Few-body systems have been extensively investigated
over the last few decades (e.g Heggie 1975; Mikkola
1983, 1984). These studies typically adopted numerical ap-
proaches. However, analytic theory remains a powerful tool
in the study of gravitational dynamics. For example, if the
outcome of the interaction is known a priori, aspects of the
problem can become deterministic. That is, energy and mo-
mentum conservation can be invoked to directly relate the
initial conditions to the final outcome properties.
Here, we apply this logic to the four-body problem and
binary-binary scattering. In particular, for (nearly) identical
initial binaries and large viral ratios, most four-body interac-
tions decay to produce two single stars and a binary (Leigh
et al. 2016). As we will show, knowledge of the initial inter-
action energy and the momentum are sufficient to directly
relate the properties of the ejected single stars to the remain-
ing binary. This offers a clear prediction for observations of
dynamically-formed runaway stars; young O/B stars that
have been ejected from their host star cluster at high velocity
(& 30 km s−1) (e.g Fujii & Portegies Zwart 2011; Gualandris
et al. 2004). Consequently, the method presented here can be
used to unambiguously distinguish runaways formed during
binary-binary interactions from those formed from super-
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Figure 1. A schematic diagram on x − z plane showing the two
ejection events. At the first ejection event, a star of mass m =
ms,1 is ejected in -z direction with velocity v s,1, leaving behind a
system of mass m = mt moving at v t = (ms,1/mt)v s,1. At the second
(last) ejection event, another star of mass m = ms,2 is ejected with
velocity v s,2 and the final binary of mass m = mb is recoiled with
velocity (ms,2/mb)v s,2. ξ is the relative angle between the two
single stars and Ψ (Φ) between the binary and the first (second)
ejected star.
nova explosions in a binary system (e.g Stone 1979, 1982),
by making specific predictions for the observable properties
of the left-over binary. Our results are particularly useful
in light of the expected hundreds of detections of runaways
stars with the GAIA satellite (i.e. Kenyon et al. 2014).
Our paper is organized as follows: Section 2 presents the
derivation of the analytical formulation of the 2+1+1 prob-
lem, first in the purely stellar dynamical case (Sec.2.1), and
then in the presence of a homogeneous background potential
(Sec.2.2). A comparison of the predictions of the analytical
formulae and the results of numerical scattering experiments
is presented in Section 3. Astrophysical implications of our
findings are discussed in Section 4, with a particular empha-
sis on the application to runaway stars. We summarize in
Section 5.
2 ANALYTIC FORMULATION OF 2+1+1
CASE
2.1 Analytic formula : Purely stellar dynamics
When two binaries collide, a chaotic interaction ensues until
two single stars are ejected sequentially, leaving behind a bi-
nary pair. After the first ejection event, a single star of mass
ms,1 and the remaining system of mass mt recede in opposite
directions (in the CM frame of all four stars). We assume a
velocity of v s,1 (so the momentum ps,1 = ms,1v s,1) for the
first ejected single star. The remaining system (with three
stars) recedes with velocity v t = (ms,1/mt)v s,1. At the time
of the second ejection event, another single star is ejected
with velocity v s,2 (the momentum ps,2) and leaves behind
the binary with a recoil velocity of vb (the momentum pb).
We present a schematic diagram in Figure 1 showing the two
ejection events.
Now, in the CM of the four stars, the three momentum
vectors satisfy the following relation,
ps,1 + ps,2 + pb = 0. (1)
Using Equation 1, we find an expression for vb as follows,
vb =
1
mb
√
p2s,1 + p
2
s,2 + 2ps,1ps,2 cos ξ (2)
where ps,1, ps,2 and pb are the momenta of the first, second
ejected stars and the binary, respectively, i.e., pi = mivi . And
ξ is the relative angle between the two ejected single stars,
defined as,
cos ξ =
v s,1 · v s,2
vs,1vs,2
. (3)
We also provide the derivations for Equation 2 using their
vector components in Appendix A. In this derivation, we
consider the two ejection events in their respective center of
mass frames separately. This allows us to find explicit rela-
tions for the relative angles between the two ejected stars in
the different reference frames. This approach could be useful
for identifying the first ejected single star, when applying our
method to observations of runaways where only one single
star and an associated binary have been identified.
Using Equation 2, we can find an expression for the
relative angle between the first ejected star and the binary
as a function of ps,1, ps,2 and ξ. We denote this angle as Ψ
(see Figure 1). Then the angle between the second ejected
single star and the binary (denoted by Φ) is automatically
determined since ξ + Ψ + Φ = 2pi. Equation 1 also gives the
following equation,
ps,2 =
√
p2s,1 + p
2
b + 2ps,1pb cosΨ . (4)
Plugging Equation 2 into Equation 4 yields
cosΨ = − ps,1 + ps,2 cos ξ√
p2s,1 + p
2
s,2 + 2ps,1ps,2 cos ξ
. (5)
Therefore, given the velocities and the masses of the two
ejected stars, with Equations 2 and 5 we can determine the
momenta of the binary (and hence the binary speed, given
the binary mass) and the relative angles between the binary
and each of the two ejected stars (Ψ and Φ).
There are several points worth emphasizing here.
(i) We assume only conservation of momentum to derive
Equations 2, 3 and 5 without additional conditions.
(ii) These formulas can be applied independently of the
details of the initial binary-binary encounter (i.e., head-on,
or with non-zero impact parameter) since we consider only
the velocities at the time of the last ejection event. The
only condition is that two binaries interact to produce a
2+1+1 outcome. As an example, in Section 3.2, we apply
our analytic formula to the 2+1+1 outcome from scatterings
of two binaries with equal/unequal energies.
(iii) In Equation 2, the two ejected stars are distinguished
in terms of which star is ejected first. However, Equation 2
is symmetric upon exchanging the two single star momenta.
Clearly, vb at ξ = 0 depends only on the total sum of the
momenta, whereas vb at ξ = pi depends on the difference
between the two momenta. Hence the order of ejection events
is irrelevant in terms of estimating the final velocity of the
binary (see the green line in the left panel of Figure 3).
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In other words, the subscripts 1 and 2 do not necessarily
correspond to the order of ejection events. This is of critical
value for applying our method to observational data, since
in practice it is very hard to distinguish the order of ejection
events.
(iv) We can generalize Equation 2 to a stellar system go-
ing through any number of ejection events. Consider a stellar
system consisting of Ntot stars. In the CM of the whole sys-
tem, the speed of a substellar group left behind after the
Nth ejection event can be expressed as
v =
1
m
√√
N∑
i
p2
i
+ 2
N∑
i> j
p
i
· p
j
, (6)
where pi represents the momentum of the ith ejected object.
(v) If scatterings between two binaries occur in a back-
ground potential (eg., a star cluster), an escape condition
can be derived by comparing the escape velocity of the po-
tential with vb, as estimated from our formula. We will re-
turn to this in the next section.
2.2 Analytic formula: Homogeneous background
potential
In this section we generalize our analytic formulation to in-
clude a homogeneous background potential.
When we observe at time t = tobs the velocities of
two field stars (outside the potential) suspected of being
a causally-related pair of runaway stars, we can trace their
velocities backward in time. In other words, we can estimate
the velocities at any time t (< tobs) post-interaction (i.e., af-
ter the second ejection event). Starting with the velocities
of the ejected single stars, v s,1(t = tobs) and v s,2(t = tobs) as
observed outside of the potential (r > rbg) at t = tobs, we
integrate the equations of motion backward in time in order
to estimate the stars’ initial ejection velocities inside the po-
tential. Then, we can use equation 2 to calculate the velocity
of the final binary at the time of the last ejection event. In-
tegrating the equation of motion for the binary forward in
time gives us the speed of the binary vb(t = tobs) at t = tobs.
We consider a spherically symmetric potential with con-
stant density ρ and outer boundary rbg. For a given total
background mass Mbg, the outer boundary is automatically
set. The mass enclosed within a spherical volume of radius
r can be written,
Men,bg(r) =
{ 4pi
3 ρr
3 r ≤ rbg ;
4pi
3 ρr
3
bg = Mbg r > rbg .
(7)
The gravitational force imparted by the background
mass on a given star particle at r is given by:
f bg(r) = −
GmMen(r)
r3
r
=

− 43piGmρ r r ≤ rbg ;
− 43piGmρ
(
rbg
r
)3
r r > rbg ,
(8)
where m is the mass of the star and r is the vector point-
ing from the system CM to the star. The term
√(4piGρ)/3
corresponds to the frequency of the resulting harmonic mo-
tion, denoted by w. Accordingly, the background potential
has the following form:
Vbg(r) =

2
3piGmρ(r2 − 3r2bg) r ≤ rbg ;
−GmMbgr = − 43piGmρ
r3bg
r r > rbg ,
(9)
and the escape velocity of the potential vesc at r = rbg is
written as,
vesc =
√
2GMbg
rbg
=
√
2rbgw. (10)
This is the same background potential as the one adopted by
Ryu et al. (2017b). See Ryu et al. (2017b) for more details.
Given the adopted background potential, we solve for
the equations of motion of the stars inside and outside the
potential individually. To do this, we make the following
assumptions: At each ejection event, the ejected star reaches
a sufficiently high velocity to escape the underlying potential
well (without becoming trapped and undergoing subsequent
oscillations within the background potential). Therefore the
angles between stars do not significantly change while they
escape, which we will show in Figure 6.
2.2.1 Inside the potential, r ≤ rbg
Given the radial components of the velocities of stars, we
can then solve the equations of motion in 1-D. For r ≤ rbg,
the solution for Equation 8 is,
r(t) = vej
w
sinw(t − tej) + rej. (11)
The speed is
v(t) = vej cosw(t − tej) , (12)
where vej and rej denote the speed and radial distance from
the system CM (or the center of the background potential)
at the time of an ejection event t = tej.
When a star crosses the outer boundary rbg with speed
vbg at time t = tbg, Equations 11 and 12 yield the following
relations,
[(rbg − rej)w]2 + v2bg = v2ej, (13)
or,
vej =
√
[(rbg − rej)w]2 + v2bg =
√
1
2
v2esc
[
1 −
√
2rejw
vesc
]2
+ v2bg.
(14)
It is useful to consider how much the speeds of the stars
change inside the potential from the moment of ejection un-
til the time of escape. For this, we introduce a fractional
difference between vej and vbg,
∆v
vej
=
 vej − vbg
vej
 =  vej −
√
v2ej − 12 v2esc
[
1 −
√
2rejw
vesc
]2
vej
. (15)
Especially for stars ejected near centre (rejw  vesc) at suf-
ficiently high velocities to escape,
∆v
vej
∼
1 −√1 − 12 ( vescvej )2 ∼ ( vescvej )2 +O( v4escv4ej ). (16)
This implies that: 1) for a given vej and rej, vesc is a good di-
agnostic (rather than either Mbg or ρ individually) to gauge
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the overall decrease in the speeds of the escaping stars; 2)
the fractional difference (∆v/vej) or absolute difference (∆v)
in vej depends on vej itself.
2.2.2 Outside the potential, r > rbg
For r > rbg, we apply conservation of energy instead of di-
rectly solving the second-order differential equation in Equa-
tion 8. At r = rbg, the total specific energy ebg is defined as,
ebg =
1
2
v2bg −
GMbg
rbg
, (17)
Similarly, at r > rbg and t > tbg,
e(t) = 1
2
v(t)2 − GMbg
r(t) . (18)
Equating Equations 17 and 18 and rearranging terms,
v(t) = dr(t)
dt
=
√
2ebg
√
1 +
GMbg
ebg
1
r
. (19)
Defining GMbg/ebg ≡ R and integrating both sides of the
above gives,∫ t
tbg
dt
√
2ebg =
∫ r
rbg
1√
1 + R 1r
dr
√
2ebg(t − tbg) =
√
R r + r2 − 1
2
R log
[
1 + 2
(
1 +
√
1 +
R
r
) r
R
] r
rbg
.
(20)
We are unable to solve further for a simple expression for
r(t). However, we note that the second term (with log) on
the right hand side can be neglected when r/R is sufficiently
large.
It useful to further consider the range in R/rbg and its
physical meaning. rbg/R measures the relative difference be-
tween the absolute magnitude of the kinetic energy and that
of the potential energy at the outer boundary of the poten-
tial. Assuming vbg > vesc, we can express R in terms of rbg
and vesc,
rbg
R
=
1
2 v
2
bg −
GMbg
rbg
GMbg
rbg
=
( rbg
2GMbg
)
v2bg − 1
=
( vbg
vesc
)2 − 1 ' ( vbg
vesc
)2 ' 102 ( vbg
70 km/ s
)2 ( vesc
10 km/ s
)−2
,
(21)
where vbg ∼ 60 − 70 km s−1 are typical speeds of runaway
stars formed during binary-binary numerical scattering ex-
periments (Ryu et al. 2017a, “simulation paper” in the fol-
lowing). Typically, rbg, r(t) > R. Such large values for rbg/R
imply that the kinetic energy is dominant over the back-
ground potential energy when stars are escaping from the
potential. Moreover, this may mean that the decrease in
speed outside of the potential is insignificant as long as vesc
is not too high (see also the vej dependence in Equation 15).
Given a high value for r/R (i.e., for rapidly moving stars,
hence a suitable value for runaway stars), we can ignore the
10
-1
10
0
10
1
10
2
10
3
 1  2  3  4
For each t (from left to right)
[binary,Sfast,Sslow]
Mbg=3×10
3
M⊙, rbg=0.66pc
v
[
k
m
/
s
]
tobs[Myr]
10
-1
10
0
10
1
10
2
10
3
 1  2  3  4
For each t (from left to right)
[binary,Sfast,Sslow]
Mbg=10
4
M⊙, rbg=0.99pc
v
[
k
m
/
s
]
tobs[Myr]
Figure 2. The time evolution of the velocities of the binaries, Sfast
(the more rapidly moving single star for a given run) and Sslow
(the more slowly moving single star for a given run) formed dur-
ing binary-binary encounters in scattering experiments, at t =1,
2, 3 and 4 Myr for two background potential models. Mbg and
rbg are given in the plots. The horizontal dotted line indicates
the escape velocity. See the simulation paper for more details re-
garding the scattering experiments. At each t, three vertically
distributed groups of dots correspond to (from left to right) the
binary (black dots), Sfast (red dots) and Sslow (blue dots), respec-
tively. To avoid overcrowding, we offset the distributions for Sfast
and Sslow by +0.1 Myr and +0.2 Myr for a given t (i.e., shift to
the right). This shows that the velocities of rapidly moving stars
with v/vesc ≥ 5 − 7 remain roughly the same after escaping the
potential.
log-term in Equation (20). Then we can find a relatively
simple expression for r(t) at t ≥ tbg, which is,
r(t) = 1
2
R
[
− 1 ±
√√
1 + 4
[√ rbg
R
+
( rbg
R
)2
+
√
2GMbg
R3
(t − tbg)
]2]
(22)
where we must choose the plus sign since r(t = tbg) = rbg.
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Differentiating with respect to t gives,
v(t) = dr(t)
dt
=
2
√
2GMbg
R
[√
rbg
R +
(
rbg
R
)2
+
√
2GMbg
R3
(t − tbg)
]
√
1 + 4
[√
rbg
R +
(
rbg
R
)2
+
√
2GMbg
R3
(t − tbg)
]2
(23)
Since we made an approximation in Equation 20 in order to
derive the above, we must also ensure that v(t) is continuous
at t = tbg and well-defined at t →∞.
(i) v(t) at t = tbg.
v(t = tbg) =
2
√
2GMbg
R
√
rbg
R +
(
rbg
R
)2√
1 + 4
[√
rbg
R +
(
rbg
R
)2]2 = 2vesc
rbg
R
√
1 + rbgR
1 + 2 rbgR
= 2vbg
(
vbg
vesc
)2 − 1
2
(
vbg
vesc
)2 − 1 ' vbg (24)
for vbg/vesc  1, which is the same assumption that we made
to solve Equation 20.
(ii) v(t) at t →∞.
v(t →∞) '
4GMbg
R2
t√
1 + 8GMbg
R3
t2
'
√
2GMbg
R
=
√
2ebg (25)
which is the velocity at t = ∞ (see equation 18).
We can simplify the solution further for stars moving at
high speeds (i.e., large vbg). We can approximate their speeds
as being constant since v(t) is a monotonically decreasing
function with the same two boundary values (vbg at t =
tbg and t → ∞). Note that for such high speeds,
√
2ebg '
vbg. This is confirmed in the simulations of our simulation
paper. Figure 2 shows the time evolution of the speeds of the
binary and the two single stars formed during binary-binary
encounters (Model 1 and Model 2 of the simulation paper)
at t =1, 2, 3 and 4 Myr. We differentiate the two single stars
by their speeds: Sfast (Sslow) refers to the single star with the
higher (slower) speed, for a given run. At each t, the three
vertically distributed dots correspond to (from left to right)
the binary (black dots), Sfast (red dots) and Sslow (blue dots),
respectively. The horizontal dotted line indicates the escape
velocity. To avoid overcrowding, we offset the distributions
for Sfast and Sslow by +0.1 Myr and +0.2 Myr for a given t
(i.e., shift to the right). In the simulations, more than 95%
of all outcomes escape from the background potential before
t = 1 Myr. Figure 2 shows that the speeds of rapidly-moving
stars (v/vesc ≥ 5−7 for both single stars) barely change once
they have escaped from the potential. We also refer to the
cumulative velocity distributions for the two single stars and
the binary shown in Appendix A of the simulation paper.
However, this approximation may lose its validity for
stars whose speeds at r = rbg are not sufficiently large com-
pared to vesc (i.e., typically more massive escapers). In our
numerical experiments (simulation paper), we find that for
most final binaries, vbg/vesc ' 1− 3. Therefore, in the follow-
ing (Section 3), we will use Equation 23 to estimate the final
speeds of the binaries along with a constant v(t) for ejected
single stars moving at high speeds. Using the following equa-
tions of motions for stars at t: for r(t) < rbg,
v(t) = vej cosw(t − tej) (Equation 11),
r(t) = vej
w
sinw(t − tej) + rej (Equation 12),
and for r(t) ≥ rbg (Equation 22)
v(t) =
{
vbg for single stars;
equation 23 for binaries
where vej cosw tbg = vbg, we can calculate vej of the two
ejected stars given their observed values. After getting vb(t =
tej) from Equation 2, we can calculate what we would observe
for the binary at time t = tobs, i.e., vb(t = tobs) = vb,obs. In
order to do this, we first use Equation 14 to find vbg, then
Equation 23 to find vb,obs.
Finally, we summarize the above procedure as follows.
For a background potential with an escape velocity not too
high compared to the typical ejection velocities of the stars
(a valid assumption for runaway stars), when we observe two
runaway stars with speeds vs,1,obs and vs,2,obs with a relative
angle ξ at t = tobs 1, the velocity of the binary at r = rbg and
t = tbg (< tobs) left behind by the two runaway stars can be
estimated as,
vb,bg(vs,1,obs, vs,2,obs, ms,1, ms,2, mb)
=
√√
1
m2b
[
P2s,1 + P2s,2 + 2Ps,1Ps,2 cos ξ
]
− 1
2
v2esc
[
1 −
√
2rej,2w
vesc
]2
(27)
where
Ps,1 = ms,1
√
1
2
v2esc
[
1 −
√
2rej,1w
vesc
]2
+ (vs,1,obs)2, (28)
Ps,2 = ms,2
√
1
2
v2esc
[
1 −
√
2rej,2w
vesc
]2
+ (vs,2,obs)2. (29)
where rej,1 (rej,2) represents the radial distance between the
CM of the background potential and the CM of the system
made of the ejected star and the remaining N = 3 (N = 2)
stars at the first (second) ejection event.
Finally, the speed and radial distance of the final binary
outside the potential (r ≥ rbg) at any t (≥ tbg) are described
as,
vb(t) =
2
√
2GMbg
R
[√
rbg
R +
(
rbg
R
)2
+
√
2GMbg
R3
(t − tbg)
]
√
1 + 4
[√
rbg
R +
(
rbg
R
)2
+
√
2GMbg
R3
(t − tbg)
]2 (30)
1 If their radial distances rs,1,obs and rs,2,obs (in the CM of four
stars) are known, tobs( tbg) can be approximated for the two fast
runaway stars as,
tobs ' rs,1,obs/vs,1,obs ' rs,2,obs/vs,2,obs. (26)
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rb(t)
=
1
2
R
[
−1+
√√
1 + 4
[√ rbg
R
+
( rbg
R
)2
+
√
2GMbg
R3
(t − tbg)
]2]
+rbg
(31)
where R = rbg/[(vb,bg/vesc)2 − 1] 2.
Given the equations above, we find that, when the fol-
lowing relation is satisfied,√
P2s,1 + P2s,2 + 2Ps,1Ps,2 cos ξ < mbvesc
√
1 +
1
2
[
1 −
√
2rej,2w
vesc
]2
,
(36)
it is more likely that the final binary will have remained
bound to the potential. Using Equation 36, for two runaway
stars and a binary which are believed to form from a 2+2
encounter, we can estimate a rough lower limit for vesc of
the parent cluster at the moment of the last ejection event.
We will apply the equation above for the Trapezium cluster
in Section 4.
3 RESULTS
In this section, we apply our analytic formulae to simu-
lated 2+1+1 outcomes formed during binary-binary encoun-
ters in the presence/absence of a homogeneous background
potential. The numerical data are taken from the simula-
tion paper. There, we performed suites of numerical scatter-
ing experiments between two binaries (which serve as prox-
ies for O-type stars), both in isolation and in a homoge-
neous background potential. However, since we considered
binary-binary encounters occurring near the system CM and
rej ≤ rbg, we assume that rej is negligible in the following
analysis, i.e., rej ' 0. We compare our analytic formulae to
the results of these simulations, and confirm their validity.
We further study here the effects of the background poten-
tial on the formation of runaway stars, in terms of affecting
2 As a sanity check, we explore two extreme limits, (i) t →∞ and
(ii) ρ, Mbg → 0 .
(i) t →∞
vb(t > tbg) ∼
√
2GMbg
R
∼
√
v2b,bg − v2esc ∼
{
vbg for vb,bg  vesc;
0 for vb,bg ' vesc.
(32)
Both of the two limiting values are consistent with the speeds at
spatial infinity for an ∼ (1/r) gravitational potential.
(ii) ρ, Mbg → 0
In this limit,
R =
rbgvesc
v2b,bg − v2esc
∼ 0, (33)√
2GMbg
R
=
√
2GMbg
rbg
[ vb,bg
vesc
− 1
]2
=
√
v2b − v2esc ∼ vb. (34)
Now, as the terms with Rk (k > 0) converge toward zero,
rb(t > tej) ∼
√
2GMbg
R
t ∼ vbt (35)
which is expected for ejected stars after being completely isolated
from their parent stellar group.
the properties of the runaway stars and final binary. For
more details regarding the setup of the simulations, see the
simulation paper.
3.1 Results for scatterings in isolation
In Figure 3, we show the speeds of the final binaries vb (upper
panel), the corresponding semimajor axes a (middle panel)
and the relative angle Ψ between the binary and the faster
single star for each simulation (bottom panel), given by our
analytic formulae (Equations 2 and 5, solid/dotted lines)
for different combinations of the ejected single star speeds
(vs,1, vs,2) in unit of km s−1. We plot equal values for both vs
parameters in the left column and unequal values in the right
column. To compare, we mark via the data points the results
of the numerical experiments of binary-binary scatterings
(2+1+1 outcome) performed in the simulation paper. For
the simulated data points, the final speeds of the ejected
stars are constrained to be within 5% of the speeds shown
in the plots. The lines for vb, a and Ψ (also in all plots below)
are estimated using the median values of the speeds of the
ejected stars. Hence the actual combinations of the speeds
for the estimates are slightly different from those indicated in
the plots. For the analytic calculations, we assume the same
total initial energy and masses for the stars as adopted in
the simulated data. For each combination of the single star
ejection speeds, the lines and dots share the same color.
For comparison, we over-draw the lines and dots for (vs,1,
vs,2)=(100, 100) in the right panel in faint blue.
The results of our numerical scattering experiments are
in excellent agreement with our analytic formulae. As shown
in the upper panel of Figure 3, the speed of the final binary
is the smallest at ξ = 180◦, and rises steadily towards ξ = 0◦.
This is easily understood via conservation of momentum. Fi-
nally, in order to confirm the symmetric nature of Equation
2, we mark the data points with (vs,1, vs,2) = (65, 20) (right
column) by green hollow circles, and those with (20, 65) by
green solid circles. As expected, both sets of dots follow the
theoretical line, which shows that the order of ejection events
is irrelevant in terms of estimating the final binary speed us-
ing Equation 2.
In the middle panel of Figure 3, we estimate the semi-
major axes a of the final binaries assuming conservation of
energy. The simulated data from are recorded when all stars
(single stars and binaries) are sufficiently far from the system
CM that no further (significant) gravitational interaction oc-
curs between them. At this point, the mutual gravitational
potentials between the stars are negligible. Hence, the to-
tal energy Etot is the sum of the total kinetic energy for all
objects (KE) and the binding energy of the binary (Ebind),
namely,
Etot = KEs,1 + KEs,2 + KEb + Ebind
=
1
2
ms,1v
2
s,1 +
1
2
ms,2v
2
s,2 +
1
2
mbv
2
b −
Gmb,1mb,2
2a
(37)
where mb,1 and mb,2 are the masses of the component stars
of the final binary (i.e., mb = mb,1 +mb,2). Combining the re-
sults for vb and a in both panels, for a given combination of
speeds for the two ejected stars (i.e., the same KEs,1 +KEs,2
or same KEb + Ebinding), when two single stars are ejected
with a smaller angle (ξ) and at high velocities, conserva-
tion of momentum requires that the final binary moves at a
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Figure 3. The speeds of the final binaries vb (upper panel), their semimajor axes a (middle panel) and the relative angle Ψ (bottom
panel) expected from our analytic formulae 2 and 5 (solid/thick dotted lines) for each combination of the initial velocities (vs,1, vs,2) in
unit of km s−1: equal single star velocities in the left panels and unequal velocities in the right panels. The data points (dots) show the
results of our numerical binary-binary scattering simulations taken from the simulation paper (Model 0 without a background potential).
For the simulated data points, the final speeds of the ejected stars are constrained to be within ∼ 5% of the speeds shown in the plots.
The solid lines for vb, a and Ψ (also in all plots below) are estimated using the median values of the speeds of the ejected stars. For each
combination of speeds, we show the upper and lower limits (thin dotted lines) around the median values (solid lines and thick dotted
lines), adopting the same colors as for the dots. Furthermore, we fill the regions between the two limits with the same color. In the bottom
panel, we depict the case (exactly same vs,1 and vs,2) corresponding to Equation 38 using the cyan-dot-dashed line, running diagonally
from Ψ = 180◦ (left upper corner) to ξ = 180◦ (right bottom corner). The green solid circles in the upper and middle panels correspond
to data points with vs,1, vs,2 = (20, 65), and illustrate the symmetric property of Equation 2. However, we note that the good agreement
shown in the bottom panel is not because of the symmetric property of the equation, but because we define Ψ as the angle of the binary
with respect to the more rapidly-moving single star, in a given simulation. In the middle panel, we estimate the semimajor axis a of the
final binary assuming that the total energy is conserved. All of the parameters vb, a and Ψ calculated from our analytic formulae show
excellent agreement with the numerical simulations.
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Figure 4. Equal vs: The speeds vb (left panels) and the semimajor axes a (right panels) of the final binaries which have escaped from
the potential are shown, as calculated using Equation 30 for each combination of the initial velocities (vs,1, vs,2) in unit of km s−1.
The semimajor axes are estimated assuming conservation of energy (Equation 37) with the momenta P (Equations 28 and 29). For
comparison, we also show the isolated (i.e., no background potential) case (solid lines with the same colors as used in Figure 3). Note
that the final speeds of the simulated ejected stars are constrained to be within 7% of the speeds shown in the plot. The upper and lower
limits (thin dotted lines) around the median values (solid lines and thick dotted lines) are drawn, with the borders between each limit
colored the same as are the dots and lines. Even when the background potential is taken into account, our analytic formulae show good
agreement with the results of the simulations.
higher velocity (i.e., larger KEb for a given KEb + Ebinding).
Consequently, a more compact binary is formed.
In the bottom panel, the simulated data and the lines
from our analytic formula (Equation 5) show good agree-
ment. However, we see a discrepancy between the results for
equal and unequal values of the two single star velocities
(left and right panels, respectively). For equal speeds, inde-
pendently of the values for the speeds, the angles Ψ and ξ
have an unique relation. This is because, as the speeds of
the two single stars of same mass become equal, Ψ loses the
dependence on the speeds themselves. For encounters with
the exactly same values of the single star masses m s,1 and
ms,2, Equation 5 reduces to the following equation,
cosΨ = −
√
1 + cos ξ
2
. (38)
We depict this case in the bottom left panel of Figure 3 using
MNRAS 000, 1–18 (2016)
runaway stars 9
the cyan-dotted line, running diagonally from Ψ = 180◦ (left
upper corner) to ξ = 180◦ (right bottom corner). However,
the solid lines in the figure for equal single star velocities
(left panel) increase again up to Ψ = 180◦ as ξ increases to
ξ = 180◦, similar to the lines for unequal velocities (right
panel). This is because the single star velocities actually
used for these estimates are not exactly identical (we noted
above that the lines are drawn using the median values of
the ejected stars’ speeds). We further note that the simu-
lated data for both (vs,1, vs,2) = (65, 20) (green hollow dots)
and (20, 60) (green solid dots) nicely satisfy Equation 5.
This is because we define Ψ as the angle between the veloc-
ity vector of the binary and that of the more rapidly-moving
single star.
3.2 Results for scatterings in a background
potential
In Figure 4 and 5, we show vb (left panels) and a (right
panels) for the final binaries which have escaped from the
background potential using Equation 30 for equal and un-
equal single star velocities, respectively. We calculate the
semimajor axes as before, assuming conservation of energy
(Equation 37)3. However, we have used Ps,2/ms,2 (Equation
28) and Ps,2/ms,2 (Equation 29) for the speeds of the two
single stars and 1/mb
√
P2s,1 + P2s,2 + 2Ps,1Ps,2 cos ξ (Equation
27) for that of the binary. For comparison, we also show the
isolated (i.e., no background potential) case (solid lines with
the same colors as used in Figure 3). Note that the final
speeds of the ejected stars are constrained to be within 7%
of the speeds shown in the plots. Even when the background
potential is taken into account, our analytic formulae show
good agreement with the results of the simulations4. As the
background potential gets deeper (i.e., higher escape veloc-
ities), the binary speed is reduced more. Moreover, given
the adopted potentials and corresponding escape velocities,
ξ has an upper limit. For example, for (vs,1, vs,2) = (70, 70),
the line corresponding to vesc = 20 km s−1 (purple line) drops
quickly to zero at ξ ' 110◦. This maximum angle refers to
the angle required to give a sufficiently high recoil kick to the
binary that it can escape to infinity, as imposed by Equation
36. The maximum angle decreases as vesc increases (see also
Section 3.4 in the simulation paper).
In Figure 6, we show the relative angles Ψ between
the escaped binaries and the faster single stars formed in
a background potential. The angles still nicely fulfill the re-
lation with ξ expected from Equation 5 for both equal and
unequal single star velocities. In order to avoid overcrowd-
ing, we do not mark the simulated data for vesc = 0 (see
the bottom panels in Figure 3 for the case without a back-
ground potential). We use different dot types to distinguish
3 Note that for such high speeds of the single stars and large
distances from the potential, Vbg has insignificant contribution to
the total energy.
4 Note the increased scatter about the analytic predictions in the
right panels of Figures 4 and 5. We emphasize that this is due
to the simplifying assumptions made for the velocity in deriving
the equations of motion. Therefore, a more accurate calculation
can easily be done for the binary semi-major axis, provided this
assumption is not made and the higher-order terms are included.
the potential models with different depths : vesc = 6.3 km s−1
(square), vesc = 9.2 km s−1 (triangle) and vesc = 20 km s−1
(diamond). The dots and the lines share the same color. For
example, the blue square dots refer to the simulated data for
(vs,1, vs,2) = (100, 100) for the background potential model
with vesc = 6.3 km s−1.
As an example that our formulae apply to any 2+2 en-
counters, we compare in Figure 7 the final speeds and semi-
major axes of the binaries formed from two different 2+2
scenarios, namely between binaries with equal and unequal
orbital energies. We show the simulation results for Model 1
and Model 1-1 from the simulation paper. The final speeds of
the simulated ejected stars are within 7-10% of the analytic
predictions. In both models, we assume the same homoge-
nous potential, with Mbg = 3 × 103 and vesc = 6.3 km s−1.
In Model 1, the two initial binaries have the same binding
energy whereas in Model 1-1 the more massive binary is
more tightly bound than the less massive binary by a factor
of two. For the given combinations of the final speeds for
the two ejected single stars, we estimate vb (solid lines) us-
ing Equation 31. The hollow circles correspond to the case
with equal binding energies (Eb,1/Eb,2 = 1) and the solid cir-
cles correspond to the case with unequal binding energies
(Eb,1/Eb,2 = 2). Regardless of the orbital properties of the
initial binaries, our formulae reproduce very well the results
of the simulations.
In Figure B1 in Appendix B, we also show the radial
distance rb from the core at t = 4 Myr for both equal v
(left column) and unequal v (right column) with/without
the background potential using Equation 31.
4 DISCUSSION: ASTROPHYSICAL
APPLICATIONS
Given the ubiquity of a background potential in the astro-
physical sites of dynamical interactions, proper theoretical
tools that account for its presence are needed. Our analyti-
cal method derived above offers one such tool, and is ideal
for application to observations of runaway stars.
Given an observed pair of runaway stars with a com-
mon origin, our method can be used to identify the left-over
binary. First, using Equation 36, we can estimate the prob-
ability of observing the left-over binary in its host cluster
potential (i.e., to evaluate whether or not it should have es-
caped). Next, we can infer the history of the background
potential of the host cluster. For example, consider the two
runaway stars AE Aur and µ Col, in conjunction with the ι
Orionis binary (all thought to have formed during the same
binary-binary interaction; Blaauw & Morgan 1954; Gies &
Bolton 1986; Hoogerwerf et al. 2001). Given their observed
speeds (∼ 100 km s−1), their locations on the sky (' 250 pc
from the CM of all four stars) and the relative angle be-
tween the velocity vectors of the two ejected single stars
(ξ ' 140 − 150◦) (Gualandris et al. 2004), Equation 36 (as-
suming rej ' 0) gives vesc > 15.5 km s−1 at the time of the
last ejection event. Assuming the background potential has
a total mass Mbg = 104 M (Tielens & Hollenbach 1985; Hil-
lenbrand & Hartmann 1998) and ρ = 1800 − 3000 M/ pc3
(Herbig & Terndrup 1986) for the Trapezium cluster, the
escape velocity of the cluster at present (assuming a homo-
geneous medium) is,
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Figure 5. Unequal vs : the speeds vb (left panels) and the semimajor axes a (right panels) of the binaries same as in Figure 4. The final
speeds of the simulated ejected stars are constrained to be within 7% of the analytic formulae. The upper and lower limits (thin dotted
lines) around the median values (solid lines and thick dotted lines) are drawn. The regions between the limits are filled with the same
colors as the dots and lines.
( vesc
km s−1
)
= 9
( Mbg
104 M
)1/3 ( ρ
2500 M/ pc3
)1/6
. (39)
Since we know that the ι Orionis binary resides in the
Trapezium cluster, this suggests that 2.4 Myr ago (i.e., when
the two runaway stars formed) the Trapezium cluster was
denser and/or more massive than it is now. However, we
note that this prediction is based on a number of simplified
assumptions, such as a homogeneous potential in the core
region. For a more precise estimation, we have to take into
account a more realistic (non-homogeneous) potential in the
core in addition to the subsequent dynamical evolution of the
cluster, including the gas-depletion process (Boily & Kroupa
2003), evolution in an external tidal field (Baumgardt &
Makino 2003) and mass segregation (Bonnell & Davies 1998;
Portegies Zwart et al. 2010).
Second, using the temporal information extracted from
the observed positions and velocities of the runaway stars,
our method can be used to constrain the lifetimes of massive
stars. What’s more, in the event that one of the components
of the left-over binary has ended its life to form a black hole
(BH) via direct collapse, then our method can be used to
constrain the initial-final mass relation for massive stellar
MNRAS 000, 1–18 (2016)
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potential. The angles still nicely satisfy Equation 5 for both equal (left column) and unequal (right column) single star velocities. In
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Figure 7. The speeds and the semimajor axes of the final binaries, for encounters between two binaries with both equal and unequal
energies. We take the results of Model 1 and Model 1-1 from the simulation paper. The final speeds of the simulated ejected stars are
chosen within 5-7% of the speeds shown in the figure. The shaded regions around the median values (solid lines and thick dotted lines)
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 and vesc = 6.3 km s−1. In Model 1, the ratio of the binary
binding energies is unity whereas in Model 1-1 the more massive binary is more tightly bound than the less massive binary by a factor
of two. We have used Equation 31 to estimate vb (solid lines). The hollow circles correspond to the case with equal binding energies
(Eb,1/Eb,2 = 1), and the solid circles correspond to the case with unequal binding energies (Eb,1/Eb,2 = 2). Regardless of the orbital
properties of the initial binaries, our formulae still agree very well with the simulations. This is the case even when the background
potential is taken into account.
remnants. In this case, our method provides a relation be-
tween the initial mass of the BH progenitor and the initial
binary semi-major axis. The most probable combination of
these two parameters can then be constrained using further
numerical scattering simulations, by evaluating the proba-
bility of forming the observed single star velocities for every
allowed combination of the initial progenitor mass and bi-
nary semi-major axis.
Going one step further, if both binary components form
BHs and merge (or will BHs in the first place), their inspiral
could be detectable via the associated GW emission. Our
method could then be applied to identify an associated pair
of runaway stars, and further constrain the properties of the
BH-BH binary before merger.
In the derivations above, we consider a particular out-
come consisting of two single stars and a binary. However,
our analytical treatment is applicable to any kind of three-
body outcome (two ejected systems and one left-over sys-
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tem), such as triple-binary encounters that produce two bi-
naries and one single star (e.g. Leigh & Geller 2013).
We also note that, in reality, it may be more likely that
two objects (single, binary or higher-order hierarchical sys-
tem) encounter each other with non-zero centre of mass ve-
locities. However, when it comes to runaway stars, it is often
still valid to treat the ejected objects in their CM frame and
to use the analytic formula derived above. For encounters
in clusters, the center of mass velocities of the objects (with
respect to the CM of the cluster) should be roughly com-
parable to the stellar velocity dispersion. Hence, for clusters
with low velocity dispersions relative to the observed speeds
of the runaway stars, the centre of mass velocities can be
ignored.
5 SUMMARY
In this paper, we have studied binary-binary interactions,
focusing on the formation of one binary and two single stars
(i.e., the 2+1+1 outcome). Assuming only conservation of
momentum in the inertial frame of each ejection event, we
have derived an analytic relation between the orbital proper-
ties of the final binary (speed and semimajor axis) and the
relative angles between the two ejected stars. This is first
done assuming that the interactions occur in isolation (see
Section 2.1). Going one step further, we have also found an
analytic formula to account for the effects of a homogeneous
background potential on the subsequent motions of the stars
(see Section 2.2). Then we apply our formula to compare
with the results of numerical simulations taken from a com-
panion simulation paper. We have found an overall good
agreement with the numerical simulations.
We summarize the results of this analytic study as fol-
lows:
(i) For purely stellar interactions, when a binary and two
single stars form, the speeds of the binary vb and the relative
angle ξ of two single stars are described as follows,
vb =
1
mb
√
p2s,1 + p
2
s,2 + 2ps,1ps,2 cos ξ , (40)
or, even more simply,
pb =
√
p2s,1 + p
2
s,2 + 2ps,1ps,2 cos ξ , (41)
where ps,1, ps,2 and pb are the momenta of the first, second
ejected stars and the binary, respectively, i.e., pi = mivi . The
relative angle Ψ between the binary and the first ejected star
can be written as,
cosΨ = −
ps,1 + ps,2 cos ξ√
p2s,1 + p
2
s,2 + 2ps,1ps,2 cos ξ
. (42)
(ii) Since we consider the velocities at the time of the last
ejection event, these formulae can be applied independently
of the details of the initial binary-binary encounter. In Sec-
tion 3.2, we compared vb as estimated from the analytic
formula to the results of simulations of binary-binary scat-
terings assuming equal/unequal binding energies (Figure 7).
We showed that our formula matches the simulated data in
all cases.
(iii) The formula is symmetric upon exchanging the mo-
menta of the two ejected stars. In our derivations, we dif-
ferentiate the two single stars in terms of the order of ejec-
tion events (i.e., first/second ejected star). But the order
of ejection events is irrelevant for estimating the final bi-
nary velocity. We have shown this in Figure 3 (green line).
This symmetric property of the 2+1+1 outcome makes com-
parisons to observations straightforward, since the order of
ejection events does not need to be known.
(iv) For a background potential of total mass Mbg with
outer boundary rbg and escape velocity vesc, given two ob-
served runaway stars at t = tobs with velocities measured in
the CM frame of all four stars (i.e., their speeds are vobs,1,
vobs,2 and the relative angle is ξ), the speed of the final bi-
nary at the outer boundary of the potential (i.e., r = rbg and
t = tbg) can be expressed as follows,
vb,bg(vs,1,obs, vs,2,obs, ms,1, ms,2, mb)
=
√√
1
m2b
[
P2s,1 + P2s,2 + 2Ps,1Ps,2 cos ξ
]
− 1
2
v2esc
[
1 −
√
2rej,2w
vesc
]2
,
(43)
where
Ps,1 = ms,1
√
1
2
v2esc
[
1 −
√
2rej,1w
vesc
]2
+ (vs,1,obs)2, (44)
Ps,2 = ms,2
√
1
2
v2esc
[
1 −
√
2rej,2w
vesc
]2
+ (vs,2,obs)2. (45)
Here ms,1,ms,2 and mb are, respectively, the masses of the
two single stars and the binary. Finally, the speed and the
location of a binary which has escaped from the potential at
t (> tbg) can be estimated as,
vb(t) =
2
√
2GMbg
R
[√
rbg
R +
(
rbg
R
)2
+
√
2GMbg
R3
(t − tbg)
]
√
1 + 4
[√
rbg
R +
(
rbg
R
)2
+
√
2GMbg
R3
(t − tbg)
]2 (46)
rb(t)
=
1
2
R
[
−1+
√√
1 + 4
[√ rbg
R
+
( rbg
R
)2
+
√
2GMbg
R3
(t − tbg)
]2]
+rbg
(47)
where R = rbg/[(vb,bg/vesc)2 − 1]. We have also derived the
equations of motion for the stars while they are still moving
outward in the potential (see Equation 26).
(v) Given the derived formulae, we have found a condition
for the complete escape of a binary from the potential,√
P2s,1 + P2s,2 + 2Ps,1Ps,2 cos ξ ≥ mbvesc
√
1 +
1
2
[
1 −
√
2rej,2w
vesc
]2
(48)
(vi) In summary, we have derived analytic formulae which
can be applied to three-body outcomes (two ejected systems
and one left-over system) with/without a background poten-
tial. We expect that these formulae can be applied directly
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to observations of runway stars, and hence to be particularly
useful with the expected detection of hundreds of runaway
stars with the GAIA satellite.
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APPENDIX A: DERIVATION FOR VB WITH
VECTOR COMPONENTS-PURELY STELLAR
DYNAMICS
When two binaries collide, a chaotic interaction ensues until
two single stars are ejected sequentially, leaving behind a bi-
nary pair. For each ejection event, we adopt the CM frame
of the ejected star and the remaining system (i.e., exclud-
ing any previously ejected stars). This derivation could prove
useful for identifying the first ejected single star formed dur-
ing a binary-binary interaction, when applying our method
to observations of runaways where only one single star and
an associated binary have been identified.
After the first ejection event, a single star of mass ms,1
frame S
(first ejection)
frame S’
(second ejection)
z(z’)
O O’
x’x
vs,1
v’s,2
vs,2
vbv’b
ξ θ
vt
Figure A1. A schematic diagram showing the two ejection
events. At the first ejection event, a star of mass m = ms,1 is
ejected in -z direction with velocity v s,1 in frame S (with origin
O), leaving behind a N = 3 system of mass m = mt moving at
v t = (ms,1/mt)v s,1. At the second (last) ejection event, another
star of mass m = ms,2 is ejected with velocity v
′
s,2 and the final
binary of mass m = mb is recoiled with velocity (ms,2/mb)v ′s,2 in
frame S’ (with origin O’). The velocities defined in frame S’ will
be denoted with a prime symbol (’). The angle θ refers to the an-
gle between the z axis in frame S’ and the velocity of the second
ejected star and ξ is the relative angle between the two single
stars in frame S.
and the remaining system of mass mt recede in opposite di-
rections (in the CM frame of all four stars). We assume
a velocity of v s,1 for the first ejected single star, directed
along the (−z) axis from the CM of all four stars (denoted
frame S). The remaining N = 3 system recedes with veloc-
ity v t = (ms,1/mt)v s,1 along the z-axis. At the time of the
second ejection event, another single star is ejected with ve-
locity v ′s,2 in the x − z plane in the CM frame of all three
remaining stars (denoted frame S′, with its z′−axis oriented
such that it coincides with the z−axis in frame S). The fi-
nal binary recedes in the opposite direction with velocity
v ′b = −(ms,2/mb)v ′s,2 relative to the second ejected single star
in frame S. Hereafter, the velocities defined in frame S’ will
be denoted with a prime symbol (’). We present a schematic
diagram in Figure A1 showing the two ejection events in the
two different reference frames. The velocities of both single
stars and the final binary can be expressed in frame S using
polar coordinates as follows,
v s,1 =

0
0
−vs,1
 (A1)
v s,2 =

v′s,2 sin θ
0
v′s,2 cos θ +
(
ms,1
mt
)
vs,1
 (A2)
vb =

−v′b sin θ
0
−v′b cos θ +
(
ms,1
mt
)
vs,1
 =

−
(
ms,2
mb
)
v′s,2 sin θ
0
−
(
ms,2
mb
)
v′s,2 cos θ +
(
ms,1
mt
)
vs,1

(A3)
where θ is the polar angle relative to the z′−axis. Accord-
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ingly, their speeds in frame S are,
|v s,1 | = vs,1 (A4a)
|v s,2 | = vs,2 =
√
v′2s,2 + 2α v′s,2vt + v
2
t (A4b)
|vb | = vb =
√
v′2b − 2α v′bvt + v2t (A4c)
where α = cos θ. Given the preceding velocities, we can es-
timate the relative angle ξ between the two ejected single
stars,
cos ξ =
v s,1 · v s,2
vs,1vs,2
= −
v′s,2α + vt√
v′2s,2 + 2α v
′
s,2vt + v
2
t
=
α + vt
v′s,2√
( vtv′s,2 )2 + 2α(
vt
v′s,2
) + 1
= − α + A√
A2 + 2αA + 1
(A5)
where A = vt/v′s,2.
Next, we motivate our definitions for the angles ξ and
α. We have introduced two inertial frames of reference (S
and S′). In frame S (i.e., the CM frame of all four stars), ξ
corresponds to the relative angle between the velocity vec-
tors of the two ejected single stars. The variable α, on the
other hand, is defined in the S′ frame (i.e., the CM frame of
the remaining system of three stars left-over after the first
ejection event). It measures the relative angle between the
velocity vector of the second ejected star and the CM veloc-
ity vector of the remaining (temporary) N = 3 system (i.e.,
frame S′ itself, or the direction opposite to the direction of
motion of the first ejected single star). In what follows, we
will identify every allowed combination of these two angles.
In order to find an expression for vb as a function
of vs,1, vs,2, ξ and the masses m of the stars, i.e., vb =
vb(vs,1, vs,2, ξ, m), we combine Equations A4b and A5 and
solve for α as a function of ξ. Hereafter, we will use the vector
m to refer to the masses of two ejected single stars and one
binary collectively, or (ms,1, ms,2, mb) unless it is necessary
to denote each of them separately. Plugging α(ξ) back into
equation A5, we obtain A = A(ξ, vs,2). Finally, using the rela-
tion v′b = (ms,2/mb)v′s,2 in conjunction with Equation A4c, we
obtain vb = vb(vs,1, vs,2, ξ, m). For tractability of the newly
defined parameters, we use Greek letters (e.g., α and ξ) for
angle-related parameters and capital Roman letters (e.g., A
and B) for velocity- (momentum-) or distance-related pa-
rameters.
Now, we start with calculating an expression for A from
Equation A5 as follows,
A = −α ± cot ξ
√
1 − α2. (A6)
We can get another expression for A from Equation A4b.
That is, solving for v′s,2 in Equation A4b,
v′s,2 = −αvt ±
√
αv2t − v2t + v2s,2
= vt(−α ±
√
α2 − 1 + B2) (A7)
where we define B = vs,2/vt. Using the relation A = vt/v′s,2,
we find,
A =
1
−α ±
√
α2 − 1 + B2
. (A8)
Equating Equations A6 and A8,[
− α ± cot ξ
√
1 − α2
] [
− α ±
√
α2 − 1 + B2
]
= 1 (A9)
Given the equation above, we can find an expression for α
in terms of ξ and B. There are four possible solutions for
α(ξ, B) (or two, adopting a different range for ξ and B):
α(ξ, B) =

− |1−B cos ξ |√
1+B2−2B cos ξ
|1−B cos ξ |√
1+B2−2B cos ξ
− |1+B cos ξ |√
1+B2+2B cos ξ
|1+B cos ξ |√
1+B2+2B cos ξ
(A10)
The final relative orientation between the two ejected
single stars, characterized by the parameters ξ and α, allow
or forbid different combinations of the plus and minus signs
(in each closed bracket) in Equation A9. This, in turn, spec-
ifies the solution for α(ξ, B), of the four possible solutions in
Equation A10. Hereafter, we consider two separate ranges
for ξ, i.e., 0 < ξ < pi/2 and pi/2 < ξ < pi. For each range of ξ,
we must further distinguish between all possible cases using
α (which can be positive/negative). We will henceforth use
the ”same (opposite) direction” to refer to cases where the
relative angle between the final velocity vectors of the two
single stars is smaller (larger) than pi/2.
A1 Case 1. pi2 < ξ ≤ pi and positive α (0 ≤ θ ≤ pi2 )
In Mode 1, a single star is ejected in the same direction as
the CM velocity of frame S (0 ≤ θ ≤ pi2 ) and in the opposite
direction with respect to the first ejected star (v s,2 · ez > 0
for pi2 < ξ ≤ pi where ez is the unit vector in the z direction).
For this case, there are two possible directions of motion for
the final binary, depending on the relative magnitudes of the
speed of the binary and the CM speed of frame S′. In other
words, if the binary is kicked in the −z′ direction at a speed
smaller (higher) than the CM speed of frame S′, then in
frame S the binary is seen as moving in the z(−z) direction.
These geometry-based arguments allow for only one sign for
both A and v′s,2. If A > 0, v
′
s,2 > 0, cot ξ < 0 and α ≥ 0, then
the only allowed expressions for A and v′s,2 are,
A = −α − cot ξ
√
1 − α2 (A11)
v′s,2 = vt
[
− α +
√
α2 − 1 + B2
]
(A12)
Given a real number for v′s,2, we impose the condition that
α2 − 1 + B2 > 0. We will return to this condition later (Con-
dition (i) below). Equation A9 now reduces to,[
− α − cot ξ
√
1 − α2
] [
− α +
√
α2 − 1 + B2
]
= 1 (A13)
The corresponding solutions for α(ξ, B) are:
For B ≥ 1,
α(ξ, B) =

− |1 + B cos ξ |√
1 + B2 + 2B cos ξ
1 + B cos ξ ≥ 0 ; (A14)
|1 + B cos ξ |√
1 + B2 + 2B cos ξ
1 + B cos ξ < 0 . (A15)
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For B < 1,
α(ξ, B) =
{
− |1 + B cos ξ |√
1 + B2 + 2B cos ξ
B + cos ξ > 0 . (A16)
Since α(ξ, B) ≥ 0, all solutions with a negative sign in
front are ruled out. However, before we can solve for vb, we
must consider a couple of additional conditions. These are
designed to ensure the validity of our expression for α, and
to find a proper range for ξ that is allowed in this case. For
this and every subsequent case, we will refer to the following
conditions :
(i) α2 − 1 + B2 ≥ 0.
This is to ensure that v′s,2 is a real number. In case 1, this
condition is always satisfied,
α2 − 1 + B2 = B2
[ cos2 ξ + B2 + 2B cos ξ
1 + B2 + 2B cos ξ
]
≥ 0 (A17)
This is satisfied for all solutions (Equation A10)5. Therefore,
we assume v′s,2 is a real number for all allowed expressions
for α.
(ii) A > 0.
For the solution for α(ξ, B) (Equation A15), it is enough
to use either of two different expressions for A (Equations
A11 and A12) to show that this condition is satisfied. Using
Equation A12, it is easy to see that v′s,2 is positive for B > 1.
For B < 1,
v′s,2 = vt
[ 1 + B cos ξ√
1 + B2 + 2B cos ξ
+
|B(B + cos ξ)|√
1 + B2 + 2B cos ξ
]
= vt
√
1 + B2 + 2B cos ξ > 0 (A19)
(iii) v s,2 · ez > 0.
This condition is clearly satisfied for positive α.
Finally, with Equations A12, A4c and vb = (ms,2/mb)vs,2, we
are able to find a solution for v′b for Case 1,
vb = vt
√(ms,2
mb
)2(B2 + 2B cos ξ + 1) + 2(ms,2
mb
)
(1 + B cos ξ) + 1
(A20)
for cos ξ ≤ −1B and B > 1.
A2 Case 2. pi2 ≤ ξ ≤ pi and negative α ( pi2 < θ ≤ pi)
In this case, both the final binary (−1 ≤ α < 0) and the
second ejected star (pi2 ≤ ξ ≤ pi) are moving in the opposite
direction (or v s,2 · ez > 0) to the first ejected star, in frame
S. This geometric property allows for both signs for both A
and v′s,2. Hence, it is necessary to consider each combination
of the signs individually. We refer to each combination as
(+,+), (+,-), (-,+) and (-,-), respectively.
5 In general, for α ∼ |1±B cos ξ |√
1±B2+2B cos ξ
,
α2 − 1 + B2 = B2
[ cos2 ξ + B2 ± 2B cos ξ
1 + B2 ± 2B cos ξ
]
> 0 (A18)
A2.1 (+,+) case
For negative α, we know that both A and v′s,2 are positive,
A = −α + cot ξ
√
1 − α2, (A21)
v′s,2 = vt
[
− α +
√
α2 − 1 + B2
]
. (A22)
Accordingly, Equation A9 becomes[
− α + cot ξ
√
1 − α2
] [
− α +
√
α2 − 1 + B2
]
= 1. (A23)
There is only one solution for the equation above, namely
α(ξ, B) = − |1 − B cos ξ |√
1 + B2 − 2B cos ξ
,
= − 1 − B cos ξ√
1 + B2 − 2B cos ξ
, (A24)
where we have used cos ξ ≤ 0 in the second equality. As
mentioned in Case 1, there are a couple of conditions for ξ
which must be satisfied in order to ensure physically mean-
ingful solutions. Condition (i) below needs to be confirmed
since in this case the solutions for A and vs,2 are not manu-
ally chosen to be positive. The conditions are:
(i) A > 0.
As mentioned before, we can use either of the two expres-
sions for A to show that this condition is satisfied. Clearly,
A > 0 from Equation A22 for α < 0.
(ii) v s,2 · ez ≥ 0.
We write this relation as follows,
v s,2 · ex = v′s,2α + vt
= vt
(
− α +
√
α2 − 1 + B2
)
α + vt ≥ 0. (A25)
We find from the relation above that
− 1√
1 + B2
≤ α < −
√
1 − B2 for 0 ≤ B < 1, (A26)
− 1√
1 + B2
≤ α < 0 for B ≥ 1. (A27)
However, for any B (and given an expression for α; Equa-
tion A24), α is always < − 1√
1+B2
6. Therefore, we can not
find solutions for α which satisfy all the required conditions
in this case.
A2.2 (+,-) case
Given these signs for A and v′s,2, we have
A = −α + cot ξ
√
1 − α2 , (A29)
v′s,2 = vt
[
− α −
√
α2 − 1 + B2
]
, (A30)
and Equation A9 becomes[
− α + cot ξ
√
1 − α2
] [
− α −
√
α2 − 1 + B2
]
= 1. (A31)
6 For cos ξ < 0,
α2 − 1
1 + B2
∼ (1 − B)2(1 + B2) − (1 + B2 − 2B cos ξ)
∼ B2 cos ξ(B2 cos ξ + cos ξ − 2B) ≥ 0 (A28)
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We have different solutions for α(ξ, B) for B > 1 and B < 1:
For B > 1,
α(ξ, B) =

− |1 + B cos ξ |√
1 + B2 + 2B cos ξ
1 + B cos ξ < 0 ; (A32)
|1 + B cos ξ |√
1 + B2 + 2B cos ξ
1 + B cos ξ > 0 . (A33)
For B < 1,
α(ξ, B) =

− |1 + B cos ξ |√
1 + B2 + 2B cos ξ
B + cos ξ < 0 . (A34)
|1 + B cos ξ |√
1 + B2 + 2B cos ξ
B + cos ξ > 0 . (A35)
Since the solutions A33 and A35 are positive definite,
they can be ruled out due to the fact that α < 0. In addition,
for B > 1 (i.e., where the solution A32 is valid), we exclude
solution A32 because v′s,2 becomes negative. Only solution
A35 remains. However, we need to check the following con-
ditions for the remaining solution to ensure it is physically
allowed:
(i) A > 0.
Starting with Equation A30,
v′s,2 =
|1 + B cos ξ |√
1 + B2 + 2B cos ξ
− B|B + cos ξ |√
1 + B2 + 2B cos ξ
,
=
1 + B cos ξ√
1 + B2 + 2B cos ξ
− B(B + cos ξ)√
1 + B2 + 2B cos ξ |
,
=
√
1 + B2 + 2B cos ξ > 0 (A36)
where in the second equality, we have used the conditions
for B that B < 1 and B + cos ξ > 0. For these conditions,
1 + B cos ξ > 0.
(ii) v s,2 · ez > 0.
We write this relation as follows,
v s,2 · ez = v′s,2α + vt
= vt
(
− α −
√
α2 − 1 + B2
)
α + vt > 0. (A37)
Re-arranging terms, we find that
−1 ≤ α < −
√
1 − B2 for 0 < B < 1, (A38)
Inserting Equation A34 into Equation A38, it turns out that
this condition is always satisfied since
α2 − (1 − B)2 = B
2(B + cos ξ)2
1 + B2 + 2B cos ξ
> 0 (A39)
Hence, we have only one solution for this case,
v′s,2 = vt
√
B2 + 2B cos ξ + 1 (A40)
vb = vt
√(ms,2
mb
)2(B2 + 2B cos ξ + 1) + 2(ms,2
mb
)
(1 + B cos ξ) + 1
(A41)
for 0 < B < 1 and −1 < cos ξ < −B.
A2.3 (-,+) case
Given these signs for A and vs,2,
A = −α − cot ξ
√
1 − α2 , (A42)
v′s,2 = vt
[
− α +
√
α2 − 1 + B2
]
, (A43)
Equation A9 becomes[
− α − cot ξ
√
1 − α2
] [
− α +
√
α2 − 1 + B2
]
= 1. (A44)
We have obtained the same solutions as for the (+,-) case,
but with different ranges for ξ:
For B ≥ 1,
α(ξ, B) =

− |1 + B cos ξ |√
1 + B2 + 2B cos ξ
1 + B cos ξ ≥ 0 ; (A45)
|1 + B cos ξ |√
1 + B2 + 2B cos ξ
1 + B cos ξ < 0 . (A46)
For B < 1,
α(ξ, B) =

− |1 + B cos ξ |√
1 + B2 + 2B cos ξ
B + cos ξ ≥ 0 . (A47)
|1 + B cos ξ |√
1 + B2 + 2B cos ξ
B + cos ξ > 0 . (A48)
Solutions A46 and A48 (positive definite) can be ruled
out if α < 0. Note that, for B < 1, 1 + B cos ξ > 0 (the
numerator of solution A47). As before, the conditions that
must be satisfied to ensure the validity of the solutions are:
(i) A > 0.
This condition is already fulfilled given the choice of signs
in Equations A42 and A43.
(ii) v s,2 · ex ≥ 0.
Given the same expressions as for Equations A25, A26
and A27,
the necessary conditions are described in terms of ξ,
− 2B
1 + B2
≤ cos ξ < 0 for all B, (A49)
Combining the allowed ranges for ξ (see Equations A45
and A47), we have different conditions for ξ depending on
whether or not B is larger than 1, i.e.,
−B ≤ cos ξ < 0 for 0 ≤ B < 1 (A50)
− 1
B
≤ cos ξ < 0 for B ≥ 1. (A51)
Note that provided −(2B)/(1 + B2) < −B for 0 ≤ B < 1,
the allowed range for cos ξ is stringently determined by −B,
i.e., −B ≤ cos ξ7. Finally, the solutions can be written,
v′s,2 = vt
√
B2 + 2B cos ξ + 1 (A53)
vb = vt
√(ms,2
mb
)2(B2 + 2B cos ξ + 1) + 2(ms,2
mb
)
(1 + B cos ξ) + 1
(A54)
7 . A hierarchical comparison of the magnitudes of 2B1+B2 ,
1
B and
B is as follows,{
1
B >
2B
1+B2 > B for 0 < B < 1,
B ≥ 2B1+B2 ≥
1
B for B ≥ 1,
(A52)
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for
−B ≤ cos ξ < 0 for 0 ≤ B < 1
− 1
B
≤ cos ξ < 0 for B ≥ 1.
A2.4 (-,-) case
In this case, there is no solution for negative values of α that
satisfy Equation A9.
A3 Case 3. 0 ≤ ξ < pi2 and positive α (0 ≤ θ < pi2 )
In this case, the ranges for ξ and α are incompatible. For
positive α, the second ejected star is moving in the same
direction as frame S itself (or, the positive z component of
v s,2). Therefore, v s,2 · ez should be positive, which forbids
the range 0 ≤ ξ < pi2 . Therefore, this case is not physically
allowed.
A4 Case 4. 0 ≤ ξ ≤ pi2 and negative α ( pi2 ≤ θ ≤ pi)
In this case, the second ejected star is moving (in frame
S′) in the direction opposite to the CM motion of frame S′
( pi2 ≤ θ ≤ pi). In frame S, the two ejected stars recede in
the same direction (-z direction, 0 ≤ ξ < pi2 ). The binary,
however, is recoiled in the opposite direction (z direction,
v s,2 · ez > 0). In this case, it is more likely for the binary to
move at high speeds relative to the other cases. As for case
2, since it is possible for A and rs,2 to have either sign, we
have to consider each case individually.
A4.1 (+,+) case
We take the positive signs in both Equations A6 and A7,
A = −α + cot ξ
√
1 − α2 (A55)
v′s,2 = vt
[
− α +
√
α2 − 1 + B2
]
(A56)
We have two sets of solutions for different ranges of B,
For B ≥ 1,
α(ξ, B) =

− |1 − B cos ξ |√
1 + B2 − 2B cos ξ
1 − B cos ξ ≥ 0 ; (A57)
|1 − B cos ξ |√
1 + B2 − 2B cos ξ
1 − B cos ξ < 0 . (A58)
and for B < 1,
α(ξ, B) =

− |1 − B cos ξ |√
1 + B2 − 2B cos ξ
B − cos ξ ≥ 0 ; (A59)
|1 − B cos ξ |√
1 + B2 − 2B cos ξ
B − cos ξ < 0 . (A60)
The condition −1 ≤ α < 0 excludes the solutions A58 and
A60. As before, we must check the following conditions:
(i) A > 0.
This condition is already satisfied given the choice of signs
in Equations A55 and A56.
(ii) v s,2 · ez ≤ 0.
We already derived an expression for v s,2 · ez (see Equa-
tions A25, A26 and A27). The corresponding condition can
be written as,
v s,2 · ez = vt
(
− α +
√
α2 − 1 + B2
)
α + vt ≤ 0, (A61)
We find that
− 1 ≤ α < − 1√
1 + B2
for all B, (A62)
Here, for B < 1, Equation A61 imposes one other constraint
such that α < −
√
1 − B2. This condition is less strict com-
pared to the above since − 1√
1+B2
< −
√
1 − B2. The conditions
above are described in terms of ξ,
2B
1 + B2
≤ cos ξ < 1 for all B, (A63)
Here, we find that Equation A63 is in direct conflict with
the conditions for ξ identified by A57 and A59 (see footnote
7). Therefore, no solutions exist in this case.
A4.2 (+,-) case
In this case, solutions with negative α do not exist.
A4.3 (-,+) case
Given the choice of the signs in the expressions for A and
v′s,2,
A = −α − cot ξ
√
1 − α2 (A64)
v′s,2 = vt
[
− α +
√
α2 − 1 + B2
]
, (A65)
there exists a solution with negative α,
α(ξ, B) = − |1 + B cos ξ |√
1 + B2 + 2B cos ξ
, (A66)
Accordingly, the conditions for A and ξ are,
(i) A > 0
Clearly, v′s,2 (Equation A65) is positive for α < 0.
(ii) v s,2 · ez ≤ 0.
This is satisfied for any range of ξ. This can be understood
as follows. When we compare α(ξ, B) in Equations A66 and
−1/
√
1 + B2 in Equation A62 (still valid in this case), they
are the same at cos ξ = 0. Since α(ξ, B) is a monotonically de-
creasing function of cos ξ for fixed B (as cos ξ increases from
0 to 1, α decreases), α is always smaller than −1/
√
1 + B2,
which means Equation A62 is fulfilled for any ξ.
Overall, in this case, we have one solution that is valid for
any value of B, which is,
v′s,2 = vt
√
B2 + 2B cos ξ + 1 (A67)
vb = vt
√(ms,2
mb
)2(B2 + 2B cos ξ + 1) + 2(ms,2
mb
)
(1 + B cos ξ) + 1
(A68)
MNRAS 000, 1–18 (2016)
18 T. Ryu et al.
case v′b ξ
case 1 1mb
√
p2s,1 + p
2
s,2 + 2ps,1ps,2 cos ξ cos
−1( −1B ) ≤ ξ ≤ pi for B > 1.
case 2 (++) No solutions -
case 2 (+-) 1mb
√
p2s,1 + p
2
s,2 + 2ps,1ps,2 cos ξ cos
−1(−B) < ξ < pi for B < 1.
case 2 (-+) 1mb
√
p2s,1 + p
2
s,2 + 2ps,1ps,2 cos ξ
pi
2 < ξ ≤ cos−1( −1B ) for B ≥ 1 and pi2 < ξ ≤ cos−1(−B) for B < 1.
case 2 (–) No solutions -
case 3 No solutions -
case 4 (++) No solutions -
case 4 (+-) No solutions -
case 4 (-+) 1mb
√
p2s,1 + p
2
s,2 + 2ps,1ps,2 cos ξ 0 ≤ ξ ≤ pi2 for any B
case 4 (–) No solutions -
Table A1. ps,1 and ps,2 are the momenta of the first and second ejected star, respectively, i.e., ps, i = mivs, i (i = 1, 2). B = (mtvs,2)/(ms,1vs,1)
where mt is the mass of the substellar system which the first ejected star left behind, i.e., mt = ms,2 +mb.
A4.4 (-,-) case
With negative signs in both of the expressions for A and v′s,2,
A = −α − cot ξ
√
1 − α2 (A69)
v′s,2 = vt
[
− α −
√
α2 − 1 + B2
]
, (A70)
we obtain the following solutions for α(ξ, B):
For B ≥ 1,
α(ξ, B) =

− |1 − B cos ξ |√
1 + B2 − 2B cos ξ
1 − B cos ξ < 0 ; (A71)
|1 − B cos ξ |√
1 + B2 − 2B cos ξ
1 − B cos ξ ≥ 0 . (A72)
and for B < 1,
α(ξ, B) =
{ |1 − B cos ξ |√
1 + B2 − 2B cos ξ
B − cos ξ ≥ 0 . (A73)
Equation A71 only satisfies the required condition if α <
0. For the same reason as in Case 2 (+,-), for B > 1, v′s,1
becomes negative, such that no solutions exist in this case.
After exploring all cases, we have found one simple ex-
pression for vb which is valid for all ranges of B and ξ,
vb = vt
√(ms,2
mb
)2(B2 + 2B cos ξ + 1) + 2(ms,2
mb
)
(1 + B cos ξ) + 1
=
1
mb
√
p2s,1 + p
2
s,2 + 2ps,1ps,2 cos ξ (A74)
Or even more simply,
pb =
√
p2s,1 + p
2
s,2 + 2ps,1ps,2 cos ξ (A75)
where ps,1, ps,2 and pb are the momenta of the first, second
ejected stars and the binary, respectively, i.e., pi = mivi . We
summarize the physically-allowed solutions for each case in
Table A1.
APPENDIX B: THE RADIAL DISTANCE RB AS
A FUNCTION OF ξ
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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Figure B1. The radial distance rb from the core at t = 4 Myr for both equal v (left column) and unequal v (right column) with/without
the background potential. We use Equation 31 to draw the thick dotted lines (vesc , 0). The final speeds of the simulated ejected stars
are constrained to be within 7% of the analytic formulae. The upper and lower limits (thin dotted lines) around the median values (solid
lines and thick dotted lines) are depicted. The regions between the limits are filled with the same colors as the dots and lines.
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